ABSTRACT. Despite the strongly dispersive nature of guided wave propagation in isotropic planar waveguides, it is shown that material non-linearity can result in the generation of propagating harmonics at points in the guided wave spectrum where the dispersion curves of all three orthogonal modes intersect. Experimental measurements of linear and harmonic guided wave propagation in rolled aluminum sheets have been explained in terms of the existence of a low symmetry microstructural texture in the materials.
INTRODUCTION
The purpose of this paper is to provide a theoretical explanation of some aspects of the experimental measurements of linear and non-linear guided wave propagation in aluminum sheets, reported in the preceding paper [1] . In practice, the theory was used to design the program of measurements insofar as it was decided to employ frequencies and phase velocities corresponding to the conditions where dispersion curves intersect. However, some important features of the results were not anticipated, and subsequent theoretical work has been aimed at obtaining an understanding of some of these features. Figure 1 is a schematic diagram of the experimental geometry involved [1] . An incident wave is generated by a piezoelectric transducer T T , mounted at an angle 0 to the surface normal of a thin (2 mm) aluminum sheet. The wave is transmitted to the sheet via a solid Perspex (PMMA) wedge. A similar wedge is used to couple sound waves from the sheet to a receiving transducer T R . For all the measurements reported here, both transducers were mounted at nominally the same angle 0 to the sheet normal. This angle, and the frequency of the incident wave, determines the component of the wavevector in the plane of the sheet (k x ), and hence the phase velocity V of the generated wave.
Calculated dispersion curves of the vibrational modes of the sheet, which is assumed to be isotropic and infinite in extent, are shown in Figure 2 . The elastic constants used for this and subsequent calculations were A = 59.28 GPa, ju = 26.48 GPa, p = 2700 kg/m 3 , with corresponding longitudinal and shear velocities c, = 6.447 mm///s, c t = 3.132 mm///s.
Because the sheet is symmetric about its mid-plane, the modes may be classified as symmetric or antisymmetric depending on the symmetry of the vibration with respect to the mid-plane of the plate. The displacements associated with the Lamb modes are constrained to a plane normal to the surface of the sheet (the x-z plane in Fig. 1 ), while the shear FIGURE 1. Schematic diagram of the experimental arrangement for generating and detecting leaky guided waves in a planar material. An incident ultrasonic wave is emitted by the transducer T T , and waves transmitted through the plate are detected by transducer T R . The distance x s is known as the transducer separation: when x s =0 direct reflection is measured. horizontal (SH) modes consist of motion parallel to the sheet surface, along the y-axis in Fig. 1 (i.e. normal to the plane of Fig. 1 ).
In the next section, a very brief overview of the theory of non-linear guided waves in an isotropic sheet is given, highlighting the reasons for the interest in wave propagation at mode crossing points. The nature of the waves at these crossing points is then described, in order to explain some unique features of these conditions. It is then shown that the measured results [1] are not consistent with the assumption that the aluminum sheet is elastically isotropic. Neither are the results consistent with the aluminum having orthorhombic microstructure, as is usually assumed for rolled aluminum sheet. The penultimate section describes a model in which the microstructural symmetry of the sheet is assumed to be lower than orthorhombic, and an explanation of the measured results is given in terms of this model.
NON-LINEAR GUIDED WAVES IN ISOTROPIC SHEET
The theoretical foundations of the perturbation treatment of non-linear Lamb wave propagation in isotropic planar waveguides has been laid by Shui and Solodov [2] , Zhou and Shui [3] and Deng [4] . Propagating harmonics that grow in amplitude (accumulate) as they travel down the plate can only exist when, for a particular value of the modal phase velocity V, there exist modes at f 0 ,2f 0 ,*--, etc. However other, non-accumulating, harmonic components are generated, and are present within the plate even when this "resonant" condition does not exist. These are the result of non-linear interaction between the various partial wave components of the fundamental mode, they occur wherever the fundamental mode is present, and they are known as "non-resonant" harmonics. There is clear evidence of both resonant (accumulating) and non-resonant (non-accumulating) harmonics in the experimental results presented in the preceding paper (Fig. 5 in [1] ). The accumulating harmonics only appear in the vicinity of points where the modal dispersion curves intersect, the mode crossing points, for reasons that will become clear in the next section.
NATURE OF WAVES AT MODE CROSSING POINTS
It was stated in our preceding paper [1] that the Lamb modes of an infinite isotropic plate form a harmonic series at the specific values of phase velocity V where pairs of symmetric (S n ) and antisymmetric (A n ) modes cross. This can be shown analytically, and has been pointed out by Freedman [5] . Fig. 2 shows a set of dispersion curves, containing both Lamb and shear horizontal (SH) mode curves, for a 2 mm thick isotropic aluminum sheet. The horizontal dotted lines, at phase velocities V = 10.417, 8.357 and 6.932 mm///s, each pass through a harmonic series of mode crossing points. There is, in fact, an infinite number of such harmonic series in the phase velocity range V> c l , the longitudinal velocity in the material. Contrary to the conclusions of Zhu and Mayer [6] , we believe that all three orthogonal modes coexist at these crossing points, and will justify this statement in a forthcoming publication.
A physical explanation of the existence of these harmonic series can be obtained by consideration of the modal functions at these points. Fig. 3 shows the functional forms of the modes at the first two crossing points at phase velocity V = 8.357 mm/ jus (the central horizontal dotted line in Fig. 2 ), at f = 2.533 and f = 5.067 MHz.
It can be readily seen that, for all three orthogonal modes, the modal patterns at the lowest (fundamental) frequency, 2.533 MHz, are precisely duplicated at the harmonic frequency, 5.067 MHz. This is repeated for higher harmonics: at f = 7.600 MHz the 2.533 MHz modal patterns are repeated three times across the width of the plate, and at 10.133 MHz, four times, etc. At harmonic frequencies, the functional form of the wave is unchanged but the wavelength is reduced in inverse proportion to the frequency. An alternative way of looking at this is to say that, if the frequency is held at the fundamental frequency (2.533 MHz) and the plate thickness doubled, tripled, etc., the form of the wave in each 2 mm slice would be unaffected. Thus, a plate of infinite thickness could be built up of 2 mm (in this case) slices without changing the nature of the wave motion at any point in the plate.
A second relevant point is that, since all three orthogonal modes coexist at each mode crossing point, waves consisting of arbitrary superpositions of the three modes can be propagated.
Taking these two points into consideration, it appears as though, at the values of phase velocity and frequency corresponding to the mode crossing points, the plate behaves in some respects as a special class of infinite isotropic material, in which all three orthogonal waves have the same phase velocity. While it is to some extent a circular argument, this picture may provide some physical insight into the reason the modes form a harmonic series. However, for pulse experiments it is important to recognize that dispersion still exists at the mode crossing points, and the group velocities of the three modes are different.
ORTHORHOMBIC SYMMETRY
The experimental results of the preceding paper [1] , at the fundamental frequency, appear to be inconsistent with the sample sheets being isotropic. There are two pieces of evidence to support this assertion. Firstly, the appearance of the sharp minima ( [1] , Fig.5 ) in the frequency scans at f ~ 5.1 MHz (A 4 /5 4 mode crossing region) and at f ~ 7.6 MHz (A 6 /S 6 crossing) cannot be explained if the material properties of the sheet are isotropic. Secondly, the orientation-dependence of the measurements ([1], Fig.8 ), shows significant variations of the received signals, particularly in the mode-crossing regions, when the propagation direction is changed. This is not consistent with an isotropic material. The presence of the sharp minima referred to above cannot be reproduced by calculations based on isotropic material. The functional forms of the modes, shown in Fig.  3 , do not indicate any mechanism for the formation of the sharp minima in the measured spectra at the mode crossing points: the modes are orthogonal, either or both of the relevant S n , A n modes may be excited, depending on the coupling conditions, but there is no obvious mechanism for coupling or interference of the modes at the crossing points.
It is well known that rolled aluminum sheet is usually not strictly isotropic, and that it has a microstructural texture that is generally taken to be orthorhombic [7] . While the elastic anisotropy produced by this texture is small, it is likely that it will have a greater effect on dispersion curves at modal crossing points than elsewhere. At this stage, we are concerned only with qualitative effects of the texture, and in particular whether the orthorhombic symmetry induced by rolling can explain the presence of the sharp minima observed in the linear Lamb mode spectra. Fig. 4 . cp is the angle between the propagation direction and the principal z-axis of the orthorhombic texture, which is taken to be the rolling direction. The lack of a sharp feature near the A21S2 mode crossing at ~ 0 indicates that a sharp minimum would not be present in transmission measurements such as those reported in [1] .
The texture of a polycrystalline material is described in terms of expansion coefficients Wimn of the crystallite orientation distribution function (ODF). It can be shown that, for an orthorhombic distribution of cubic crystallites such as is expected for rolled aluminum, the linear elastic properties depend on only three coefficients: W 400 , W 420 , W^ [7] .
Lamb mode propagation in sheet materials with orthorhombic texture has been studied by Li and Thompson [8] . Using their formalism, dispersion curves have been calculated (Figure 4 ) for wave propagation along the orthorhombic z-axis (identified with the rolling direction) for a 2 mm thick aluminum sheet. Values of the W^ used are broadly typical of rolling texture in aluminum [7] . In this case, the Lamb mode crossings still form harmonic series, as shown by the horizontal dotted lines at V = 10.415, 8.374, 6.960 mm/us in Fig. 4 , but the SH modes no longer share a common crossing point. The situation is more complicated if the propagation is not along a principal axis. Figure 5 shows calculations of reflection spectra for this plate in water, which indicate that an orthorhombic texture is probably not sufficient to explain the sharp minima observed at the mode crossings in [1] .
LOW SYMMETRY ALUMINUM MODEL
On the basis of the results of the preceding two sections, it is supposed that the sharp minima observed at the S n I A n mode crossing points in the frequency spectra of Fig. 5 of [1] are a result of coupling of the modes. This can occur for waves propagating at an angle to the principal axes of a textured material with orthorhombic symmetry. However, for aluminum sheet, with its relatively weak rolling-induced anisotropy, the angle would have to be quite large (<p > 30°, Fig. 5 ) and the measurements referred to were made for waves propagating parallel to the rolling direction, which is taken to be one of the principal axes.
Mode coupling would also occur in the presence of a microstructural perturbation that reduced the effective symmetry of the sheet. It seems possible that such a perturbation could be present in, inter alia, the following two forms.
The average texture has a symmetry that is lower than orthorhombic. While to a first approximation it would be expected that the rolling process would produce an orthorhombic texture, circumstances can be envisaged (e.g. edge effects, differential temperature or pressure effects) that might perturb the orthorhombic symmetry.
Even if the average (global) texture was orthorhombic, there are likely to be small regions in which the local texture is of lower symmetry. Such regions would produce scattering of the waves between the coincident S n and A n modes at the crossing point, which could provide an effective modal coupling.
In order to demonstrate that a perturbation of form (i) could, in principle, account for the experimental observation, and in the absence of direct measurements of the texture in our samples 1 , calculations have been carried out using a simple model for an aluminum sheet with texture that has symmetry lower than orthorhombic. The lower symmetry has been achieved by the inclusion of a thin planar region at one surface of the sample that has a different orthorhombic texture than does the remainder of the plate. A diagram of this model structure is shown in Figure 6 . It should be emphasized that there is no suggestion that the actual samples have this structure; it is simply a model containing the essential feature of being asymmetric with respect to the mid-plane of the plate.
Guided wave dispersion curves for the plate structure of Figure 6 , for propagation along the rolling direction (cp = 0) are shown in Figure 7 . Figure 7 (b) is an expansion of the circled region where the modes appear to cross near 2.5 MHz. It shows that the modes that were A 2 and S 2 in the orthorhombic case, now do not actually intersect but are mixed and split by the low symmetry perturbation. The planar nature of the perturbation does not result in any mixing of the SH mode with the Lamb modes, so these modes remain orthogonal and intersect, as shown in Fig. 7(b) .
The essential features of this mixing and splitting can be derived analytically, and this will be done in a later publication. To lowest order, the perturbed modal functions may be expressed in the form: Ala Ala* 1.8mm 0.2mm Since the QNDE 2002 Conference, Prof. Chi-Sing Man (University of Kentucky, USA) has kindly made some X-ray measurements of the textures of two samples from one of the AA5005 sheets used for our measurements. His preliminary results indicate a texture that is of lower symmetry than orthorhombic, and which shows significant variation through the thickness of the sheet. These measurements and their implications will be reported in more detail at a later time. 
FIGURE 9.
Calculated direct reflection (x s =0) spectra for the 2 mm thick low symmetry aluminum plate defined in Fig. 6 , immersed in water, for different values of the phase velocity V. The propagation direction is the principal z-axis of the orthorhombic texture, which is taken to be the rolling direction.
Therefore, when these modes are simultaneously excited, the normal motions (U z ) at the plate surface interfere destructively, producing the sharp minimum in the measured signal observed in the data. This can be seen in the calculated direct reflectivity spectra, shown in Figure 9 : in this case the sharp feature, the peak of which occurs at a frequency mid-way between those of the two modes, is a maximum because the reflected signal, rather than that transmitted down the plate, has been calculated.
DISCUSSION AND CONCLUSIONS
It appears that the model structure for the texture in the aluminum sheet shown in Fig. 6 provides a qualitative explanation for the sharp minima observed at the mode crossing points in the Lamb wave transmission data of the preceding paper [1] . At this stage, the details of this microstructural model are unimportant: the essential features are that the microstructural texture is not a homogeneous orthorhombic one, and that it is not symmetric with respect to the mid-plane of the sheet.
The effect of such a texture on the generation of harmonics has not yet been evaluated. For an orthorhombic sheet with propagation along a principal axis, the S n , A n dispersion curve crossing points form a harmonic series, as they do when the material is isotropic. Therefore, even in the presence of a small lower symmetry perturbation, the conditions for the generation of accumulating harmonics will exist to a good approximation.
The most likely explanation for the form of the harmonic spectra in Fig. 5 of paper [1] is that the normal surface displacements of the harmonics generated by the perturbed modes U™ and U (~} are out of phase, as is the case for the modes themselves (Fig. 8 ). When they are added to the non-resonant "background", one of the modes results in destructive and one in constructive interference. The very sharp change (an increase with increasing frequency in the results of Fig. 5, [1] ) in harmonic amplitude coincides almost exactly with the sharp minimum in the fundamental frequency spectra, and this reflects the change in interference conditions with the non-resonant harmonic when the two modes are excited separately as the driving frequency is increased. This explanation is entirely consistent with the proposition that the results of Fig. 6 of paper [1] represent observation of accumulating (growing) guided wave harmonics. It is believed this may be the first report of such effects.
These explanations are entirely qualitative at this time, and to some extent speculative. Measurements of the microstructural textures of the samples are required (but see footnote 1 above) to determine whether or not the essential features of the structural model used here are reasonable. Further theoretical work aimed at understanding the nature of the harmonics generated by the perturbed modes is also required, and this is currently in progress.
